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Abstract. In the sub-Riemannian Heisenberg group equipped with its Car- 
not-Caratheodory metric and with a Haar measure, we consider isodiametric 
sets, i.e. sets maximizing the measure among all sets with a given diameter. 
In particular, given an isodiametric set, and up to negligible sets, we prove 
that its boundary is given by the graphs of two locally Lipschitz functions. 
Moreover, in the restricted class of rotationally invariant sets, we give a quite 
complete characterization of any compact (rotationally invariant) isodiametric 
set. More specifically, its Steiner symmetrization with respect to the C"-plane 
is shown to coincide with the Euclidean convex hull of a CC-ball. At the same 
time, we also prove quite unexpected non-uniqueness results. 



1. Introduction 

The classical isodiametric inequality in the Euclidean space says that balls max- 
imize the volume among all sets with a given diameter. This was originally proved 
by Bieberbach 3] in M 2 and by Urysohn [15] in W 1 , see also jlj. In this paper we 
are interested in the case of the Heisenberg group H™ equipped with its Carnot- 
Caratheodory distance d and with the Haar measure C 2n+1 (see Section § for the 
definitions). Our aim is to study isodiametric sets, i.e. sets maximizing the measure 
among sets with a given diameter. 

Recalling that the homogeneous dimension of H™ is 2n + 2, we define the isodi- 
ametric constant Cj by 

Cj = sup£ 2 " +1 (F)/(diamF) 2n+2 
where the supremum is taken among all sets F C HP with positive and finite 



diameter. Sets realizing the supremum do exist, see [10] or Theorem 3.1 below. 
Since the closure of any such set is a compact set that still realizes the supremum, 
we consider the class I of compact isodiametric sets, 

I={£cl"; E compact, diamS > 0, C 2n+1 (E) = d (diam E) 2n+2 } . 

In other words, due to the presence of dilations in H™ , I denotes the class of compact 
sets that maximize the £ 2ra+1 -measure among all sets with the same diameter. 

In contrast to the Euclidean case, balls in (HP 1 , d) are not isodiametric ([IHj) and 
we shall give in this paper some further and refined evidence that the situation is 
indeed quite different from the Euclidean one. 
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Before describing our main results let us recall some classical motivations and 
consequences coming from the study of isodiametric type problems. First the iso- 
diametric constant Cj coincides with the ratio between the measure C 2n+1 and the 
(2n + 2)-dimensional Hausdorff measure % 2n + 2 in (H ra , d), namely, 

£2n+l _ ^2n+2 

where n 2n+2 (A) = lim^o inf {J] 4 (diam AA 2n + 2 ; A C U,A, , diamA, < 6}. This 
can actually be generalized to any Carnot group equipped with a homogeneous 
distance ([10]), and for abelian Carnot groups one recovers the well-known Euclidean 
situation. 

As a consequence, the knowledge of the numerical value of the isodiametric con- 
stant Cj, or equivalently the explicit description of isodiametric sets, gives non 
trivial information about the geometry of the metric space (H™ , d) and about the 
measure % 2n + 2 which may be considered as a natural measure from the metric 
point of view. 

Let us also mention that there are some links with the Besicovitch 1/2-problem 
which is in turn related to the study of the connections between densities and 
rectifiability. See [9] for an introduction and known results about the Besicovitch 
1/2-problem and |10j for the connection between the isodiametric problem in Carnot 
groups and the Besicovitch 1/2-problem. 

Our main results in the present paper are a regularity property for sets in X and 
a rather complete solution to a restricted isodiametric problem within the class of 
so-called rotationally invariant sets. 

Let us first describe our regularity result. We shall prove that given E £ I then 
int E is still a compact isodiametric set with the same diameter as E and with 
locally Lipschitz boundary. More precisely, identifying H™ with C™ x K (see Section 
[2]), we prove that 

ME = {[z,t] £ H" ; z £ U, f~(z) < t < f + {z)} 

for some open set U in C™ and some continuous maps /~, /+ : — ^ 1R that are 
locally Lipschitz continuous on U. See Theorem |3.12| for a complete statement. 

This regularity property will actually follow from a slightly more general result. 
We will prove that a set Eel must satisfy the following necessary condition, 

(NC) for all p £ dE, there exists q £ BE such that d(p, q) — diami? , 



see Proposition 3.2 and is t-convex, see Subsection |2.4| for the definition of t 



convexity and Proposition 3.11| Independently from the isodiametric problem, the 



property ( NC I together with i-convexity turn out to imply the regularity properties 
sketched above. See Theorem 13.31 

As already mentioned, one knows that balls in (H n ,<j) are not isodiametric and 
isodiametric sets in (M n ,d) are actually not explicitly known so far. This question 
turns out to be a challenging and rather delicate one. However, restricting ourselves 
to the family 1Z of so-called rotationally invariant sets, we are able to give a rather 
complete picture of the situation for compact isodiametric sets within this class. As 
we shall explain below, this picture will give some further information about the 
class X. This may also hopefully give some insight towards a complete solution of 
the general isodiametric problem in (H™ , d) . 

We shall denote by In the class of compact sets in 7Z that are isodiametric within 
the class 1Z. See Section |3] for the definition of the class 7Z and of this restricted 



isodiametric problem. First it is not hard to check that sets in In satisfy ( NC ) 



and are i-convex, see Proposition |3.2| and Proposition 3.11[ and hence satisfy the 



regularity properties of Theorem |3.3| Next our main specific result concerning sets 
E £ X-ji is the characterization of their Steiner symmetrization St E with respect 
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to the C"-plane (see Subsection 2.4 for the definition of StE). We prove that if 



E G I-r, then St E belongs to I-r and has the same diameter as E. Moreover we 
prove that St E is actually uniquely determined once the diameter of E is fixed, i.e., 
StE = A 



iB for some peculiar set Aiiam.E, see Theorem 4.4 



Given A > 0, the set A\ can be guessed via the following argument. One starts 
with the ball in (H n ,d) centered at the origin and with diameter A. As already 



said it does not satisfy (NC). Thus one can enlarge it around points where (NC) 



fails and get a set with still the same diameter but with greater measure. One 
can actually try to enlarge it as much as possible without increasing the diameter, 
remaining in the class 1Z, and preserving the property that it coincides with its 
Steiner symmctrization with respect to the C™-plane. In such a way, one ends up 



with a maximal set A\ that satisfies ( NC I . It turns out that this set is the closed 
convex hull (in the Euclidean sense when identifying H™ with R 2n+1 ) of the ball in 
(M n ,d) centered at the origin and with diameter A. See Figure [l] 




Figure 1. The intersection of the boundary dB(0, 1) of the unit 
ball (left) and of the boundary dA?, of its Euclidean convex hull 
(right) with a plane containing the vertical i-axis. 



We also construct small suitable perturbations of the set A\ that preserve its 



Lebesgue measure and its diameter, see Proposition 4.5 Considering rotationally 
invariant perturbations, this gives the non uniqueness of sets in T-jz- This non 
uniqueness has to be understood in an "essential" sense, i.e., also up to left trans- 
lations and dilations. See Corollary |4.6| 

Finally, considering non rotationally invariant pertubations, one gets the exis- 
tence of sets in I that are not rotationally invariant, even modulo left translations, 
see Corollary |4.7| This gives one more significant difference with the Euclidean 
situation. See Figure [2j 



Figure 2. The intersection of the boundary of a perturbation of 
Ai with a plane containing the vertical i-axis. 

The paper is organized as follows. In Section[2]we introduce the Heisenberg group 
H" and recall basic facts about the Carnot-Caratheodory distance d and balls in 
(H™ , d) . We also introduce i-convexification and the Steiner symmetrization with 
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respect to the CP-plane. Section [3] is devoted to existence and regularity results, 
while in Section|4]we prove our more specific results about the isodiametric problem 
restricted to the class TZ. 

2. Notations and preliminary results 

2.1. The Heisenberg group. The Heisenberg group H n is a connected and simply 
connected Lie group with stratified Lie algebra (see e.g. [HJ[S]). We identify it with 
C" x R and denote points in HP by [z, t], where 2 = (zi,...,z„) 6 C" and t e I. 
The group law is 

[z,t] ■ [z',t'\ = [z + z',t + t' + 2Im zz'\ 
where Imzz' = ImzjZj. The unit element is = [0,0]. 

There is a natural family of dilations S\ on HP defined by S\([z,t}) = [\z,X 2 t] 
forA>0. 

We define the canonical projection ir : EP — > C™ as 

(2.1) 7T([z,t])=Z 

for any [z,t] £ EP. Given p £ EP, we shall frequently denote by [z p ,t p ] its coordi- 
nates in C n x K. 

We also represent H™ as M 2rl+1 ks R n xl"xM through the identification [z, t] « 
(x, y, t), where x = (xi, . . . ,x„), y = (yx, . . . ,y n ) £ R n , t £ R and z = {z\, ...,Z„)£ 
C" with Zj = Xj + iyj . 

The (2n + l)-dimensional Lebesgue measure £ 2n+1 on H™ « M 2n+1 is a Haar 
measure of the group. It is (2n + 2) -homogeneous with respect to dilations, 

£ 2n+1 (8\(F)) = A 2 "+ 2 £ 2 " +1 (F) 

for all measurable Fci™ and A > 0. 

The horizontal subbundle of the tangent bundle is defined by 

H n = span{A"j, Yj ; j = l,...,n} 

where the left invariant vectors fields Xj and Yj are given by 

Xj = iL + 2y,n, , Yj = d V] - 2x } d t . 

Setting T = dt the only non trivial bracket relations are [Xj, Yj] = — 4T, hence the 
Lie algebra of H™ admits the stratification H n ffi span{T}. 

2.2. Carnot-Caratheodory distance. We fix a left invariant Riemannian metric 
g on H™ that makes (Xx, ■ ■ ■ , X n , Yx, . . . , Y n ,T) an orthonormal basis. The Carnot- 
Caratheodory distance between any two points p and q £ HP is then defined by 

d{p, q) = i~nt{length g ("f); 7 horizontal curve joining p to q} 

where a curve is said to be horizontal if it is absolutely continuous and such that 
at a.e. every point its tangent vector belongs to the horizontal subbundle H n of the 
tangent bundle. Recall that by Chow-Rashevsky theorem any two points can be 
joined by a horizontal curve of finite length. Therefore the function d turns out to 
be a distance. It induces the original topology of the group, it is left-invariant, i.e., 

d(p-q,p-q') =d{q,q') 

for all p, q, q' £ HP, and one- homogeneous with respect to dilations, i.e., 

d(5 x (p),5 x (q)) = \d(p,q) 

for all p,q£ EP and A > 0. 

Equipped with this distance, HP is a separable and complete metric space in 
which closed bounded sets are compact. We will denote by B(p,r), respectively 
B(p,r), the open, respectively closed, ball with center p £ EP and radius r > 0. 
Note that the diameter of any ball in (HP, d) is given by twice its radius. 
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Lemma 2.1. Let p G HP. XTie distance function d p : HP \ {p} — > R /rom p defined 
by d p (q) = d(p,q) is an open map. 

Proof. We prove that d p {B) is open for any open ball B C HP \ {p}. Since balls 
in (HP , d) are connected (this is more generally true in any length space) it follows 
that dp(B) is a bounded interval. Setting m — mf(d p (q) ; q G B) and M = 
sup(<ip(<7) ; g G B) it is thus enough to prove that m ^ d p (B) and M d p (B). 

If m = then m ^ d p (B) because p £ B. If m > we assume by contradiction 
that m G d p (B). Then we can find q E B such that d p (<z) = m. The map A G 
[0, +oo) i y p ■ <5a(p 1 ■ q) being continuous, one has p ■ S\(p~ 1 ■ q) G B for all A close 
enough to 1. It follows that 

d p {q) < d p (p ■ Sxip^ 1 ■ q)) = Xd p (q) < d p (q) 

provided A < 1 is close enough to 1, which gives a contradiction. The fact that 
M d p {B) can be proved in a similar way and this concludes the proof. □ 



Remark 2.2. As an immediate consequence of Lemma 2.1 we get that for any set 
F C HP and any p e F, 

d(p, q) < diamF for all q G int F. 
Moreover, if F is bounded then diamF = diam9F. 

Although the Carnot-Caratheodory distance between any two points is in general 
hardly explicitly computable, we recall for further reference the following well-known 
peculiar cases. One has 

(2.2) d([z,t],[z',t]) = \\z'-z\\ 

for all z, z' G C™ such that Imzz' = and all t G R. Here ||z|| = (£" =1 |zj| 2 ) 1/2 
for z = {z\, . . . , z n ) G C™. We have also 

(2.3) d{[z 1 tl[z 1 t']) = {i,\t' -t\f' 2 
for all z G C n and t, t' G R. 

2.3. Description of balls and consequences. Explicit descriptions of balls in 
(EP,gQ are well-known, see p], [7], [8]. One has 



B(0,1) = 

simp 2ip — sin(2(^) 
x, 11X11 

We set 



2 



XGC", llxll <1, ^G[-7r,7r]}. 



for < cp < 7r 



2ip — sin(2ip) 
gfr) = { ' 2^ 

^0 if ip = 0. 

The function g admits a maximum at tp — n/2 with g(ir/2) = 2/ir. It is increasing 
from [0,7r/2] onto [0, 2/ir] and decreasing from [ir/2,ir] onto [1/tt,2/tt]. 

We set 

{sin w 
for < ip < tt 
1 if tp = . 

The function p is decreasing from [0,7r] onto [0, 1]. Let p^ 1 : [0, 1] — > [0, tt] denote 
its inverse and set 

(2.4) h^gop- 1 . 
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We have the following other description of the closed unit ball 

(2.5) S(0,i) = fet]er ; 11*11 <1, |t|<fc(||z||)}. 
Using dilations we have 

B(0,\) = {[z,t]eW n ; ||*|| < A, |t|<MM|)} 
for all A > 0, where 

(2.6) MMI) = A a MIMIA)- 



Figure 3. The profile function h. 

We list some properties of the function h that will be needed in the sequel. See 
Figure [3] for a picture. 

(i) The map h is increasing from [0, 2/n] onto [1/tt,2/tt] and decreasing from 
[2/vr, 1] onto [0,2/tt]. 

(ii) There exists r c £ (0,2/ir) such that h" > on (0,r c ), h"(r c ) = 0, and 
h" < on (r c ,l). 

Indeed we have 

<p 

and 

\ -^sin^ + cos^ 
<P P VP) 

for all r £ [0, 1) and where ip — p~ l {r) £ (0, w]. Then statement (i) follows from the 
expression of b! together with the properties of p~ l . Statement (ii) follows noting 
that there exists a unique (p c £ (tt/2,tt) such that tp c sinip c + cos</S c = and that 
one has <p sin if + cos if > if and only if < ip < (p c . 

We call vertical segment any set of the form {[z, t] £ H™ ; t~ < t < t + } for some 
t~ < t + . Given p, q £ H™ with z p = z q , we denote by L p ^ q the vertical segment 
joining p to q, 

Lp, g = {[z p ,t] £ HP ; mm(t p ,t q ) < t < max(t p ,t g )} . 

In the next proposition we state an elementary geometric property of balls in H™ 
for further reference. When not specified, by ball we mean a ball that can be 
indifferently taken as open or closed. 

Proposition 2.3. The following statements hold. 

(i) Let B denote a ball in H™. For any p, q £ B such that z p — z q , we have 
L p ^ q C B. 

(ii) For any p £ H™ and any p\, pi £ H n such that z pi — z P2 , we have 

d(p,q) < max(d(p,pi),d(p,p 2 )) 

for all q £ L Pl , P2 . 
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Proof. Property (i) holds for the (closed or open) unit ball by (2.5 1. Then this 
property follows for any ball using dilations and translations and noting that these 
maps are bijective maps that send vertical segments onto vertical segments. 

To prove property (ii) set r = max.(d(p,pi),d(p,p2)). We have p\, P2 £ B(p,r). 
Hence L pliP2 C B(p,r) by (i) and thus (ii) follows. □ 

In the next lemma we deal with an outer vertical cone property for balls centered 
at the origin. Its proof (that we provide for the reader's convenience) follows from 
the local Lipschitz continuity of the profile function h on [0, 1). 

Lemma 2.4. Let d > and S > be fixed. There exists a(d, S) > such that 
the following holds. If p £ dB(0,d) is such that t p > 5, respectively t p < —5, and 
[w, s] £ H" is such that 

s > t p + a(d, 8) || w — z p \\ . respectively s < t p — a(d, 6) \\w — z p \\ , 

then [w, s] £ B(0, d). 

Proof. Let a — a(d, 5) > to be chosen later. Let us consider the case where 
p £ dB(0,d) and [w,s] £ HP are such that t p > 5 and s > t p + a \\w — z p \\, the 
other case being analogous. If \\w\\ > d then we obviously have [w,s] ^ B(0,d). If 
\\w\\ < d we want to prove that s > hd(\\w\\). We have 

s > t p + a \\w - z p \\ = hd(\\z p \\) + a \\w - z p \\ 

and thus it will be sufficient to show that 

hd(\\z p \\) + a\\w- z p \\ > h d (\\w\\) . 

Since lim,.^- hd{r) = 0, one can find r = r(d, S) £ (0, d) such that h d (r) < S for 
all r £ (r,d}. In particular ||^,|| < r because /id(||z p ||) —t p > 5. We choose a > 
to be the Lipschitz constant of hd on [0,f]. If ||w|| < r it follows 

MINI) < h d(\\zp\\) +a\\\w\\- \\z p \\ \ < hd(\\z p \\) + a\\w- z p \\ 

as wanted. Whereas 

MINI) < $ < h d(\\z p \\) < h d (\\zp\\) + a \\w - z p \\ 

if ||w|| £ (r,d] which concludes the proof. □ 

Remark 2.5. We note that, for any fixed d > 0, the function a(d,5) can be taken 
continuous w.r.t. the variable 6. This follows from the definition of a(d, S) — 
ll^-dlli oo ([0,r : (d,i5)]) together with the fact that S <— ¥ f(d,S) can be chosen to be con- 
tinuous and the fact that the map r £ (0, d) i— > ||/idl|i,oo([o,r]) i s continuous. 

2.4. Two geometric transformations in HI™. In this subsection we introduce 
two geometric transformations, namely the convexification along the vertical £-axis 
and the Steiner symmctrization with respect to the C"-plane. They will play a 
crucial role in the sequel. 

Given F C H™ we define its t-convex hull i-co F by 

t-co F = {p £ HP ; p £ L pi P2 for some p\ , P2 £ F with z pi = z P2 } . 

We say that F is f-convex if F = t-co F. 

Lemma 2.6. Let F C EI™. We have F C t-co F and diam(t-co F) = diamF. 

Proof. We obviously have F C t-co F and in particular diamF < diam(t-co F). 
Conversely let p, p' £ t-co F . One can find p±, P2 £ F with z pi — z P2 such that 



p £ L Pl _ P2 . Then it follows from Proposition 2.3 \\) that 



d(p',p) < ma,x(d(p',p 1 ),d(p / ,p2))- 
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Similarly one can find p' x , p' 2 £ F with — z v ^ such that p' £ L v ^ p i . Then it 
follows once again from Proposition |2.3rii) that 



m&x(d(p' , pi) , d(p' , p 2 )) < max d(p i ,p' i ) < diamF 

i,j=l,2 J 

which concludes the proof. □ 

Given F C EP measurable, its Steiner symmetrization St F with respect to the 
C n -plane is defined by 

StF = {[z,t] € HP ; z£ tt(F), 2\t\ < ^{{s £ K ; [z, s] £ F})} 

where £ 1 denotes the one-dimensional Lebesgue measure and tt : HP — > C™ is the 
canonical projection defined in (2.f I. We define the reflection map a : HP — > HP as 

(2.7) a([z,t]) = [z,t}. 

For the sake of simplicity, the following lemma is stated for compact sets. This 
will be the only case needed in this paper. It can however be easily generalized to 
non compact sets. 

Lemma 2.7. Let F C H" be compact and such that a(F) — F. Then diam(St F) < 
diam-F. 

Proof. Since F is a compact subset of EP, then t-co F is compact and is obviously 
i-convex. We have a(t-coF) = t-coF as soon as o~(F) = F. Since StF C St(t-coF) 
and diam(i-co-F) = diam_F by Lemma 2.6 it is thus sufficient to consider i-convex 
compact sets F such that a(F) — F. Then we can describe F as 

F = {[z,t] £ H" ; z £ tt(F), a(z)- C(z) < t < a(z) + £(z)} 

for some map a : tt(F) — ¥ K which satisfies a(z) = a(z) for all z £ tt(F) and where 
C(z) = ^({s £ R ; [z,s] £ F})/2. Note that we also have C(z) = C(z) for any 
Z £ ir(F). 

Let pi = [zx,tx] £StF andp 2 = [z2,h] € StF. Set 

Fx — {[z, t] £ F ; z = Zi or z = Zi] , 
F 2 = {[z.t] £ F ; z = z 2 or z = z 2 } ■ 

We will prove that 

(2.8) d(pi,p 2 ) < ma,x(d(qi,q 2 ) ; qi £ Fx, q 2 £ F 2 ) . 
Since Fx U F 2 c F this will imply d(px,P2) < diam_F as wanted. 

Set F { = [0,-a(zx)] ■ F h 1 = 1,2, i.e., 

Fx = {zx,zx} x [-jC(zx),jC(zx)] 
F 2 = {z 2l z 2 }x [b-£(z 2 ),b + £(z 2 )] 
where b = a{z 2 ) — a(zi). The distance being left invariant, we have 

(2.9) max(d(<ji,g 2 ) ! <7i G Ft, q 2 £ F 2 ) = max(d(g 1; q 2 ) ; q x £ F x , q 2 £ F 2 ) . 

Next set T 2 = \b\ + C(z 2 ). We have p 2 £ {z 2 } x [-T 2 ,T 2 ] hence it follows from 
Proposition 2 . 3 ii) that 

(2.10) d(px,p 2 ) < max{d{px,[z 2 ,T 2 ]),d{px,[z 2 ,-T 2 ])) . 
Assume that b > 0. Then [z 2 ,T 2 ] £ F 2 and since p\ £ Ft we get 

(2.11) d(pt, [z 2 ,T 2 ]) < ma^{d{qx,q 2 ) ; qx £ A, 92 £ F 2 ) . 
Let l denote the isometry in (W L ,d) defined by 

(2.12) i{[z,t)) = [z,-t\. 
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We have i(A) = A and l([z 2 , -T 2 ]) = [z 2 ,?2] G F 2 , hence 

(2.13) d{px, \z 2 ,-T 2 }) = d(t(pi),t([za,-T 2 ])) < m&x{d( qi ,q 2 ) ; 9l G F u q 2 G F 2 ) 



Inequalities (2.10), (2.11) and (2.13) together with &2.91 give (2.8). The case where 



b < can be traited in a similar way and this concludes the proof. □ 

3. ISODIAMETRIC PROBLEM 

We recall the definitions of the isodiametric constant 

Ci = sup{£ 2n+1 (F)/(diamF) 2n+2 ; < diamF < +oo } 

and of the class of compact isodiametric sets 

I={£ci" ; E compact, diamF > 0, C 2n+1 (E) = Cj (diam E) 2n+2 } . 

Recall that it is not restrictive to ask isodiametric sets to be compact as the 
closure of any set which realizes the supremum in the right-hand side of the definition 
of Ci is a compact set that still realizes the supremum. 

We also introduce the class of so-called rotationally invariant sets. Given 9 = 
(#!,...,#„) G R™, we define the rotation r e : H™ — > H™ around the R-axis by 

r e {[z,t]) = [(e iei z 1 ,...,e iB »z n ),t] . 

Any such rg is an isometry in (H™ , d) . We denote by 1Z the class of rotationally 
invariant sets, 

R = {Fci"; r e {F) C F for all 6 G R"} . 

We set 

C Ln = sup{£ 2n+1 (F)/(diamF) 2Tl+2 ; F G 1Z, < diamF < +oo } 

and denote by T-n the family of compact rotationally invariant sets that are isodia- 
metric within the class of rotationally invariant sets, 

T-n = {E G 1Z ; E compact, diamF > 0, C 2n+1 (E) = C/, K (diamF) 2 "+ 2 } . 

In other words, I, resp. X^, denotes the class of compact sets, resp. compact 
sets in 1Z, that maximize the £ 2n+1 -measure among all subsets of H™, resp. among 
all sets in 7Z, with the same diameter. 

We first prove the existence of sets in 1 and . 
Theorem 3.1. Both families I andX-n are nonempty. 

Proof. The proof that X is non empty relies on the compactness of equibounded 
sequences of non empty compact sets with respect to the Hausdorff metric (see 
2.10.21 in [6]) together with the upper-semicontinuity of the Lebesgue measure (see 
Theorem 3.2 in [5]). The fact that 7^ as well can be proved in a similar way 
noting that 1Z is closed with respect to the convergence of sets in the Hausdorff 
metric. □ 

The rest of this section is devoted to the study of the regularity of sets in I and 
In . The necessary condition ( NC ) introduced in Section [T] will be one of the key 
ingredients in this study and we prove in the next proposition that sets in X and 
T-r do satisfy this condition. 



Proposition 3.2. Let E G XUln. Then E satisfies the necessary condition (NC). 

Proof. We argue by contradiction. Assume that E G I and p G dE is such that 
d{p,q) < diami? for all q G dE. The distance from p being a continuous and 
open map and E being compact, we have max^g^; d{p, q) = max q£ g e d(p,q) (see 
Lemma 2.1 and Remark 2.2) and hence 

maxd(p, q) < diam_E . 
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Choosing r — (diamE 1 — max qG E d(p, q))/2 > 0, it follows that 

diam(l? U B(p,r)) — diam E . 

On the other hand, since E is closed and p £ dE, we have int(B(p, r)\ E) 7^ 
This implies in particular that 

C 2n+1 (EUB(p,r)) > C 2n+1 (E) 
which contradicts the fact that Eel. 

When E £ In we modify the argument as follows. We set 

F = EU |J B(r e {p),r) 

where r = (diam E — max gS e d(p, q))/2 > as before. We have F £ 1Z and 
(3.1) diam E = diam £ . 



Indeed, to prove (3.1) we fix 51,(72 £ F. If 91,172 £ E then d{q\,q 2 ) < diamE 1 . If 
9i) 12 G -F \ -E then there exist #i, #2 € M" such that rg i (p)) < r, i = 1,2. 
Recalling that any rotation rg is an isometry in (HP, d) and that E £ 1Z, it follows 
that 

d{q\,q2) < d(r 8l (p),rg 2 (p)) + 2r 
= d{p, r ei -g 2 {p)) + 2r 
< maxd(p, q) + 2r — diamE . 

If 91 £ E and q 2 £ F \ E with d(q 2 , rg 2 (p)) < r for some 9 2 £ f, we have 

d(qi,qz) < d(qi,r$ 2 (p)) + r < d(p,r_g 2 (q 1 )) + r < maxd(p, q) + r < diamE . 

On the other hand, similarly as before, we have 

C 2n+1 {F) > C 2n+1 (E) 
and this contradicts the fact that E £ 2^. □ 

Let us introduce some notations. Given a compact set E, we define f + ,f~,U 
and E as follows. We set 

f + (z) = max(< £ K ; [z, i] £ £) , 

/"(z) = min(t e R ; [z, i] G £7) 

for all z S tt{E). Clearly, [z,f ± (z)] £ dE for all z £ n(E). Recalling the definition 
of t-co E given in Subsection \2A\ one has 

t-coE = {[z,t] 61" ; z£tt(E), f~(z) <t<f+{z)}, 

and i-co E is itself compact. 
We set 

U = {z£tt(E) ; r(z)</+(z)} 

and 

E = {[z,t]£U n ; z£U, r(z)<t<f + (z)} . 

Since ir(E) is closed, we have U C 7r(-E). In particular /+ and /~ are well defined 
on U. Moreover E = t-co E n 7r _1 (£7) is compact and contained in t-co E. 

We are now ready to state our key regularity result. It concerns i-convex and 
compact sets satisfying ( NC ) . 



Theorem 3.3. For any t-convex and compact set E satisfying (NC) the following 
properties hold. 

(i) The set U is open in C™ and the maps f~ and f + are locally Lipschitz on 
U and continuous on tt(E). 
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(ii) C 2n+1 (E) = £ 2n+1 {E). 

(iii) We have 

hxtE = int jB = {[z,t] el"; zeU, f~(z) < t < f + (z)} , 
dE = {[z,f ± {z)} eH"; zeU} , 
£ = int.E . 

Before starting with the proof of Theorem |3.3[ we introduce some notations and 
give a technical lemma. 

Given r > and pi, p 2 € H" with 7r(pi) = n(p 2 ), p\ = [zi2,*i] and p 2 = [212,^2] 
for some Z12 € C" and ti, t 2 G R, we set £12 = (£2 — ti)/2 and 

^pi,p 2 W = {[w,s] eH" ; ||w-zi 2 || <r, 
whenever £12 > 0. Clearly, F pltP2 (ri) C F pl , P2 (r 2 ) provided n < f2- 

Lemma 3.4. Lei C > 0, d > and £ > 6e /sired. There exists j(C, d, 8) > 
smc/i i/iai £/ie following holds. For any r £ (0, 7(C, d, 6)], p\ — [212, ii] and p 2 = 
[zi 2 ,t 2 ] € H" such that \\zi 2 \\ < C 1 and 012 = <5 ; we have 

F PuP2 (r) CB(p,d) 

for all p £ H™ swc/i that p\,p 2 £ B(p,d). 

Proof. Set po — [ — z i2 ; — (ii + £2) /2]. After a left translation by po we need to prove 
that for all r > small enough we have 

Pa ■ F PuP2 (r) C B(p,d) 

for all p £ EP such that d(p,po ■ pi) < d and d(p,po ■ p 2 ) < d. For such ap = 
[z, <] e HP we have (p • • p = [z, t ± 5] € 5(0, d) for i = 1, 2, hence ||z|| < d 

and \t±S\ < h d (\\z\\). It follows that h d (\\z\\) > \t\ + 8 > 8. Recalling that 
liniu^- hd{u) = and considering r — f{d,8) £ (d/2,d) such that hd(u) < 8 
whenever u € (r, d], we get that ||z|| < r. 

We have 

Po-F puP2 (r) = {[w,s] GH" ; H| < r, |s + 2Imz 12 w\ < s(l - M) J . 

Let s] £ p ■ F pi P2 (r) and let us show that p^ 1 ■ [w, s] £ B(0, d) or equivalently 
that ||k; — z\\ < d and 

\s — t — 2lmzw\ < hd(\\w — z\\) 

provided r > is small enough. First note that \\w — z\\ < r + r is less than d 
provided r < d — r. 

Next we have 

s — t — 2 Im zw < 8 (l — - — — 2 Im zi 2 w — t — 2 Im zw 

< (8- t)- S -\\w\\+ 2\\z 12 1| \\w\\+2\\z\\ \\w\\ 

<h d (\\z\\)- (^-(2C + 2d)) |MI 

where the last inequality follows from the fact that [—z, 8—t] = [z, t — S}^ 1 £ B(0, d). 
On the other hand if r < (d — r)/2, we have max(||tu — z\\, \\z\\) < (d + r)/2 < d. 
Let M = M(d, 8) > denote the Lipschitz constant of hd on [0, (d + r)/2]. Then 
we have 

hd(\\z\\) < Mlk-^ID + ^IHI • 



)} 
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It follows that 

'8 



s-t-2lmzw < h d (\\w - z\\) - (~ - (2C + 2d + M)j \\w\\ < h d (\\w - z\\) 



provided r < min((rf - r)/2, 5/(2C + 2d + M)). 
Similarly we have 



t — 2 Im zw > — 5[l ) — 2 Im Z12W — t — 2 Im zw 



> - 



h d (\\z\\)+(--(2C + 2d))\\w\\ 
h d (\\w - z \\)+(-- (2C + 2d + M)) ||w|| 



> 

> - h d (\\w - z\\) 

provided r < min((d — r)/2, 5/ (2C + 2d + M)) and where the second inequality 
follows from the fact that [—z, —t — S] = [z, t + <5] _1 e B(0, d). Hence the lemma 
follows with 



□ 



Remark 3.5. Note that, C and d being fixed, the function "f(C, d, S) can be taken 
to be continuous w.r.t. the variable S. This is a consequence of (3.2) and the fact 
that f(d, 5) can be chosen continuous w.r.t. S. 

We turn now to the proof of Theorem |3.3| 



Proof of Theorem 3.3 We fix a t-convex and compact set E satisfying (NC) and 
set 

C = max ||7r(p)|| and d^diamE. 
We begin with two lemmata. The first one is a consequence of Lemma |3.4| 

Lemma 3.6. Let E be as above, 5 > be fixed and let 7 = ^{C,d,§) > be as in 
Lemma 3.4 Then, for any r € (0,7], one has 

F puP2 (r)cE 

for all pi, P2 € E such that tv(pi) = 7r(p 2 ) and 5 12 = S. 
Proof. Since E is closed, it is enough to show that 

int F puP2 (r) C E. 

Assume by contradiction that (int F pi P2 (r)) \ E is nonempty. By t-convexity of E 
we know that also E n int F Pl jP2 (r) is nonempty since it contains L PltP2 \ {pi,P2}- 
Therefore there exists p £ dE D int F pl}P2 (r). Then by (NC) there exists q E dE 
such that d(p,q) = d. Thanks to Lemma [3. 4| we have 

p e int F puP2 (r) C B(q,d), 

thus d(p, q) < d which is a contradiction. □ 

Lemma 3.7. Let E be as before and let 5 > be fixed. There exists f3(C, d,5)>0 
such that the following holds. If z € U is such that f + (z) — f~[z) = 25, then 

f+(w)<f + (z)+f3(C,d,5)\\w~z\\ and f~ (w) > f~ (z) - P(C,d,6) \\w - z\\ 

for all w G ir(E). 
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Proof. We claim that the lemma holds for j3(C,d,6) — a(d,6) + 2C where a(d, 8) 
is given by Lemma 2.4 Assume by contradiction that w £ tt{E) is such that 

f+(w) > f+(z) + (a(d, S) + 2C) \\w - z\\ , 

the case where f~(w) < f~(z) — (a(d,5) + 2C) \\w — z\\ being analogous. Since 
[z,f + (z)\ £ dE, by |NC| there exists q £ dE such that d([z, f + (z)],q) = d. Set 
p = q~ x ■ [z, f + {z)\ and [w' , s'] = q~ x ■ [w, f + (w)]. We have 



and 

It follows that 



p=[z- z q , f + {z) -tg- 2lmz q z] 



[w' , s'] = [w — z q , f + (w) — t q — 2Imz g w] 



s' =t p + f + (w) - f + (z) -2lmz q (w - z) 



(3.3) > t p + (a(d, 6) + 2C)\\w - z\\ - 2C \\w - z\\ 
— t p + a(d, S)\\w' — z p \\ 

where the inequality follows by the choice of w £ ir(E). 

On the other hand set p' = q^ 1 ■ [z, f~(zf\. We have z p i = z p . We also have 
[z,f~(z)] £ E and q £ E, hence d(q, [z, < d or equivalently p' £ B(0,d). 
Therefore 

\t P >\ < h d (\\z p \\) . 
Recalling that p £ dB(0, d) we get 

(3.4) t p = h d (\\z p \\) > StzV = f + iz)- f-{z) = s ^ 



Then, taking Lemma 2.4 into account, we infer from (3.3 1 and (3.4 1 that [w', s'] 
B(0,d), i.e., d(q, [w, f + (w)]) > d. This implies that diami? > d, a contradiction. 

□ 



Remark 3.8. Taking into account Remark 2.5 one can take the function /3(C, d, 6) 
to be continuous w.r.t. the variable S. 

We prove now the continuity of /~ and / + on n(E). 

Lemma 3.9. The functions f~ and f + are continuous on tt(E). 

Proof. Let z £ ir(E) and let us prove that / + is continuous at z, the case of the 
function /~ being similar. Let (zj) be a sequence of points in ir(E) such that 
Zj — > z as j — > oo. Since E is compact, / + is bounded and to prove the continuity 
of /+ at z it is sufficient to prove that any possible limit of the sequence (f + (zj)) 
coincides with f + (z). By contradiction assume that f + (zj) — > t as j — > co for 
some t f + {z). Since E is compact, hence closed, and [zj, f + (zj)] £ E, we 
have [z,t] £ E. It follows in particular that, by definition of / + and /~, we 
must have f + {z) > t > f~(z). Setting pi — [z,f~{z)\ an d p 2 = [z,f + (z)], we 
thus have 5i% = (f + (z) — f~(z))/2 > 0. Owing to Lemma 
Fp ltP2 (j) C E where 7 = j(C, d, S12) is given by Lemma 



3.6 



3.4 



one obtains that 



Therefore, recalling 

once again the definition of / + , we get in particular that lim inf j->oo f + { z j) ^ / + ( z )> 
a contradiction. □ 

We turn now to the proof of the fact that U is open and that /~, / + are locally 
Lipschitz continuous on U . 

Lemma 3.10. The set U C C" is open and the maps f~ , f + are locally Lipschitz 
continuous on U . 
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Proof. Let us introduce some notations. We will denote by 38 (z, r) the open ball in 
C" with center z £ C ra and radius r > 0. Given z G U, we set 

s f+(z)-f-(z) 



and 



where 7 (C, d, 5 Z ) and /3(C, d, <5 2 ) are given, respectively, by Lemma 3.4 and Lemma 3.7 



We first prove that U C C n is open. Let z £ U. Set t\ = f (z), ti = f (z) and 



let pi — [z,ti], P2 — [z,t 2 ] € E. It follows from Lemma 3.6 that F pitPa (j z ) C -E. In 



particular for any w € C™ with ||tt; — z\\ < j x , we have [w, s] € for all 



r *i +^2 , /, \\w - z\\ v *i + 1 2 

s e L — s — 



= [*i + 6 : 



\\w — z\\ 



h-6 z 



' 2 
\w — z\ 



Since 



h + S, 



w 



< ta 



||w — z\\ 



lz lz 

as soon as \\w — z\\ < 7,, it follows that ^(z,7 z ) C f . Hence U C C" is open. 

We prove now that /~ and / + are locally Lipschitz continuous on U. Let z E U. 
By the previous argument we already know that 



(3.5) f + (w)>f + (z)-S. 
for all w £ 3§(z,j z ). Next, Lemma 3.7 implies that 



lz 



and f-(w) < r(z)+5 z 



f + (w)<f+(z)+l3 z \\w-z\\ and /"(«;)> f~(z) - z \\w - z\\ 
for all w £ 3B{z^ z ) C tt(E). 

We fix a compact set K C U and define L = swp zeK max(/3 z , 5 z /~/ z ) and 7 



inf z g^ 7z . Owing to the continuity of d z , j3 z and j z (see Lemma 3.9 and Remarks 
3.5 and 3.8), one has L < +00 and 7 > 0. Therefore, for any z,w £ K satisfying 



1 1 z — w 1 1 < 7 we conclude that 

\f+(w)-f+(z)\<L\\w-z\\ , 
\f-(w)-f-(z)\<L\\w-z\\. 

Hence / + and / _ are Lipschitz continuous on K , as desired. 



□ 



We are now ready to conclude the proof of Theorem 3.3 Statement (i) follows 



from lemmata 3.9 and 3.10 Statement (ii) is a consequence of 

E\E = {[z,t] 61" ; z£tt{E)\U, t = f + (z)} 

and of the continuity of / + . Finally (iii) is straightforward and follows from (i) by 
standard arguments. □ 



We are going to apply Theorem 3.3 to sets in X and Zn- In order to do this, we 
first need to prove that such sets are t-convex. 

Proposition 3.11. Any set E £ TUXr is t-convex. 

Proof. Assume by contradiction that one can find p = [z,t] £ t-co E \ E. By 
definition of t-co E, one must have f~(z) < t < f + (z) and hence z £ U. 



We have E C t-co E and diam t-co E — diam E by Lemma 2.6 Since t-co E £TZ 
whenever E £ 1Z, this implies that t-coE £ IUI-ji- Hence t-coE is a compact set that 



satisfies (NC) (see Proposition 3.2) and is obviously t-convex. Then Theorem 3.3 
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applies to t-coE. Noting that the maps J 1 * 1 , and consequently the set U, associated 



to E and t-co E coincide, we get from Theorem 3.3 'hi) that p g int(t-co E) 



Since E is closed and p £ E it follows that p £ int(t-co E\ E). In particular 
int(t-co E \ E) ^ and £ 2n+1 (t-co E \ E) > 0. Recalling that E C t-co E and that 
both E and t-co E belong to X, resp. X^, with diam(t-co £7) = diam_E, this gives a 
contradiction. □ 

Noting that E C E wh enever E is t-convex and that E £ TZ whenever E £ TZ, 
we get from Theorem 3.3 'ii) that E £ X, resp. E £ X^, whenever E £ X, resp. 



E £ I-jz, with diami? = diami?. 

Summing up let us gather in the next theorem properties of sets in XUX^, proved 
in this section. Recall that the notations used in the statement to follow are those 
introduced before Theorem 13.31 



Theorem 3.12. For any set E £ IUIr, the following properties hold. 

(i) E is t-convex. 

(ii) C 2n+1 (E) = C 2n+1 {E) and diam£ = diam£. 

(hi) Eel, resp. E £ 1-n, whenever E £ X, resp. E £ X^,. 

(iv) The set U is open in C n and the maps f~ and f + are locally Lipschitz on 
U and continuous on tt(E). 

(v) We have 

'mtE = intE = {[z.t] ei"; z 6 U, f~(z) < t < f + (z)} , 
dE = {[z,f ± {z)} ei" ; zEU} , 



E = int E 



4. ISODIAMETRIC PROBLEM FOR ROTATIONALLY INVARIANT SETS 

In this section we characterize the Steiner symmetrization with respect to the 
C n -plane of sets E £ Xr ■ Our main result states that the set St E belongs to X^ 
and is uniquely determined once the diameter of E is fixed. It coincides with a 
peculiar set AdiamB, defined below, that consequently also belongs to Xr,. 

Constructing suitable pertubations of this set that preserve the diameter and 
the £ 2n+1 -measure, see Proposition 4.5 we also get two remarkable consequences. 
First, the essential non uniqueness of sets in In, see Corollary |4.6| Second, the 
existence of sets in X which are not rotationally invariant even up to isometries, see 



Corollary 4.7 



Given A > 0, we set 



lx(r) = !k ifr€[0,AA] 
M ; \hx(r) if re [A/tt,A/2] 



(see (2.6 1 for the definition of hx) and 

1 1 2 

A x = {[z,t]EM n ; 2\\z\\<\, \t\ < MNI)} ■ 



We have 
where 
and 



Ax = A\ U A\ 
A\ = {[z,t] £ H™ ; ||z|| < A/vr, 27r|t| < A 2 } 

A\ = {[z,t] £ HP ; A/tt < ||z|| < A/2, |t| < hx(r)} 
= B(0,A/2)n{[z,t] ei" ; \\z\\>\/tt}. 
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The set A\ is the closed convex hull, in the Euclidean sense when identifying 
H™ with R 2n+1 , of the ball B(0,X/2) in (U n ,d) centered at the origin and with 
diameter A. See Figure [l] in Section [l] for a picture. 

We first show that the diameter of A\ equals A. 

Proposition 4.1. We have diamA^ = A for all A > 0. 

Proof. Since A\ = 8\{A{) for all A > 0, it is enough to prove that diam A\ — 1. We 
begin with a technical lemma. 

Lemma 4.2. Let d > 0, r < d/n and t G K be fixed. Set 

C={[z,t]eM n ; ||*|| =r} 

and 

D = {[z,t]eU n ; \\z\\<r} . 
Letp e H". Assume that diam(CU{p}) < d and diam(DU{p}) > d. Then \\z p \\ < r 
and there exists q G D \C such that d diam(D U {p}) = d(p, q) . 

Proof. We have d([z,t], [z',t]) < d([z,t], [0,t]) + d([0,t], [z',t]) = \\z\\ + \\z'\\ < 2r for 
all [z,t], [z',t] £ D and d([z,t],[-z,t]) = 2\\z\\ = 2r for all [z,t] € C (see Q). 
It follows that 2r = diamC = diamD < diam(C U {p}) < diam(D U {p}) hence 
diam(£) U {p}) = d(p, q) for some q = [z q , t] £ D\C. 

Set d — diam(Z? U {p}) and 

h %( z ) = ±h d(\\ z ~ z p\\) +t p + 2Imz p z 

so that 

B(p,d) = {[z, s] e H" ; \\z- z p \\ < d, h--(z) < s < h+Jz)} . 

We have q — [z q , t] € dB(p,d). Changing if necessary p, C and D into t(C) 
and l(D) (see (2.12) for the definition of t) one can assume with no loss of generality 
that t = h + -(z a ). 

We have D C B(p,d). First we note that this implies \\z q — z p \\ < d. Otherwise, 
since ||z 9 || < r we could find z close enough to z q such that [z,t] G D with ||z — z p \\ > 
d. On the other hand we have ir(D) C ir(B(p, d)) = {w G C" ; \\w — z p \\ < d} which 
gives a contradiction. It follows that the map h ^ is weu defined on an open 

neighbourhood of z q in C™. Next since D C B(p, d) and q is in the relative interior 
of D in C" x |tj it follows that h + - admits a local minimum at z a . Assume now 

by contradiction that z q ^ z p . Then h + - is differentiable at z q and we get that 
(4.1) JlZJ^ - 2^ = 

d \\z q -Zp\\ 



where z^ = iz p . This implies that z q ^ 0. Indeed otherwise (4.1 ) implies that z p — 
and hence z q = z p . Next if z p ^ we get from (4.1 ) that z q = z p + (z q , z p ) z p with 
(z q , Zp) ^ where the scalar product is that of E 2 " after identifying points in C" 
with points in M 2 ™. It follows that \\z q \\ > \\z p \\ which also holds true if z p — 0. On 
the other hand, restricting to a segment s G (— e,e) h-> z q + s(z q — z p ) for e > 
small enough we get that h" (\\z q — z p \\ / d) > hence \\z q — z p \\/ d < r c where [0, r c ] 
is the interval where h' is increasing (see Subsection 2.3). Since \\z q — z p \\ > it 
follows that 

h'( } Zq Z z ^ ) > h'(o) = -. 

d 7T 

All together we finally get 

2d < - dh , { h L ^A ) = 2|| ±n = 2 || n < 2 || h < 2r < ^ 

7T (i 7T 
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Recalling that d < d this gives a contradiction and concludes the proof. □ 
We go back now to the proof of Proposition |4.1| We have diam A\ = diamcMi 



(recall Remark 2.2 1. If we set 

C± = {[ x ,t] E H n ; ||z|| = 1/tt, 2nt = ±1} , 

D ± = {[z,t] G H" ; ||z|| < 1/tt, 2tt< = ±1} , 
we have dA x C A 2 U L>+ U L>~ C A\ hence diamAi = diam(A 2 UD+UD"). 

Let p G . We have C+ C A\ C B(0, 1/2) hence diam(C+ U {p}) < 1. If 



diam(Z? + U {p}) > 1 it follows from Lemma 4.2 that ||zp|| < 1/tt which contradicts 
the fact that p G A\. Hence diam(D+ U {p}) < 1 for all p G A\. Since diamA 2 = 1 
it follows that diam(D + U A\ ) = 1. Similarly we have diam(Z?~ U A\) = 1. 

It thus only remains to check that diam(D~ U D + ) < 1. Let p G We 
have C + U {p} c A\ U £>~ hence diam(C + U {p}) < 1 by the previous argument. 



If diam(£> + U {p}) > 1 it follows from Lemma 4.2 that one can find q E D + 
such that z p — z q and d(p,q) — diam(Z? + U {p}) > 1. On the other hand we 
have —2nt p = 27rf g = 1 and it follows from (2.3) that d(p,q) = 1 which gives a 



contradiction. Hence diam(D + U {p}) < 1 for any p <E D and since diamZ? < 1 
we finally get diam(£>~ U D + ) < 1 as wanted. □ 

The next lemma is an elementary remark that will be used later. 

Lemma 4.3. Let E G 1Z. Assume moreover that E is symmetric with respect to 
the C n -plane, i.e., [z, —t] G E for all [z, t] G E. Then 

E C {[z,t] G H™ ; 2||z|| < diam£, 2vr|t| < (diam^) 2 } . 



Proof. Let [z,t] € -E. Since E e 11 we have [— G £ and it follows from (2.2) 
that 2||z|| = d([— z,t], [z,t]) < diami?. We also have [z, — t] E E by assumption. It 
follows from (2.3) that (27r|i|) 1 / 2 = d([z,t], [z,—t]) < diami? and this concludes the 



proof. □ 

We give now the main result of this section. 

Theorem 4.4. Let E eI R . Then St E G l n and St E = A diamE . 

Proof. First we note that since E is compact StE is also compact. Indeed, since E 
is bounded, St E is also obviously bounded. Next the fact that E is compact implies 
that the map z G 7r(-E7) H> £ 1 ({s G K ; [z, s] G -B}) is upper semi-continuous. It 
follows that StE is closed and hence compact. Since E E 1Z, we have a(E) = E 



and it follows from Lemma 2.7 that diam(StE') < diami?. On the other hand 
one has £ 2n+1 (StE) = £ 2n +%B). Since E E 1 K and StE G ft, one actually has 
diam(St J5) = diamE and St E 1 G I K . 

We set A = diamE and we prove now that StE — A\. Noting that Tr(St-E') = 
7t(E) and taking into account the fact that St E G Tn is also symmetric with respect 
to the C"-plane, it follows from Theorem |3.12| that 

St E = {[z,t] £i" ; zEir{E), \t\ <f(z)} 

for some continuous map / : tt(E) — > [0, +oo) and that the set 

U = {zEtt(E) ; f(z)>0} 

is open in C™. 

We have tt(E) C {z E C" ; 2||z|| < A} by Lemma 4.3 and we prove now that 
f(z) < h(\\z\\) for all z E tt(E). In case n(E) fl{z6C"; 2\\z\\ = A} ^ 0, we note 
that since U is open we must have f(z) = = Za(|M|) for any z E k(E) such that 



2j|zj| = A. Next we know from Lemma |4.3| that f(z) < A 2 /(2tt) = l\{\\z\\) for all 
z E tt(E) such that \\z\\ < A/tt. 
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It thus only remains to prove that f(z) < l\(\\z\\) f° r z € ir(E) such that X/n < 
\\z\\ < A/2. Given such a z we assume by contradiction that f(z) > > 

and set p = [z,l\(\\z\\)] £ A\ n dB(0,X/2). Since / is continuous and z belongs to 
the open set U, one can find an open set V C U C ir(E) containing z and such that 
f(\\w\\) > l\(\\z\\) for all w £ V. Since {[w,s] e BP ; w £ V, \s\ < f(\\w\\)} C StE 
it follows that p £ int(StE). Next, since p £ 95(0, A/2) with ||z|| e (A/vr, A/2), we 
can write p as 

r -iu, sin ^> 2 ^> - sin(2(p) 

93 2^5 Z 

for some \ € C n such that = A/2 and some ip £ (— 7r/2, vr/2) (see e.g. [5]). It 
follows from [HI Lemma 1.11] that d(q,p) = 2c?(0,p) = A where 



g=[- X e^^g,- 2y -y ||xf 



Since p € int(St£') and since the distance function from g is an open map (see 
Lemma 2.1) we can find p' £ StE such that d(q,p') > A. On the other hand we 
have 

q =[e i ^+ 2 ^z,-h(\\z\\)}. 

Since St E £ 1Z is symmetric with respect to the C n -plane, we get that q £ StE, 
i.e. a contradiction. 

I t foll ows that St E C A\. Since diam StE — diam E = X = diam by Proposi- 
tion[iH and since A x £ K and St E £ X n , we get that £2™+! (A x \StE) = 0. Being 
St E closed, we obtain that int(A A ) \StE = mt(A\ \ St E) = 0. It then follows that 
A A = int(^A) C StE and finally StE = A x as wanted. □ 

We now show that A\ can be perturbed near the £-axis in such a way that the 
resulting set has the same volume and diameter as A\. As we shall see, the class 
of such perturbations is quite rich. It contains in particular rotationally and non 
rotationally invariant sets. 

Proposition 4.5. There exists r £ (0, 1/vr) such that for every X > and for any 

Lipschitz function f : C" — > M with compact support in {z £ C"; ||z|| < Ar} and 
with Lipschitz constant Lip(/) < TrXr/4, the set 

A\j = {[z, t] £ HP; \\z\\<X/tt, 2it\t — f(z)\ < A 2 } U A\ 

satisfies C 2n+1 (A x . f ) = C 2n+1 (A X ) and diam A\j = diam A\ . 

Proof. The fact that £ 2n+1 (A\j) = C 2n+1 (A\) is a consequence of the definition 
of A\ t and of Fubini's theorem. To prove the last part of the lemma, we assume 
that A = 1 without loss of generality. Since A 2 C A\j and diam A\ — 1 we have 
diam Ai j > 1 = diam 

To complete the proof, we will show that the inequality diam A\j < 1 = diamAi 
holds up to a suitable choice of r. First, for a given p £ H", we define 

h p (z) = ±h(\\z ~ z p \\) + t p + 21m z p z, 

so that B(p,l) = {[z,s] £ H" ; \\z - z p \\ < 1, h~{z) < s < h+(z)}. We set 
K = ft'(0)/2 = l/7r. 

Claim 1. There exists f £ (0, 1/2) such that, for all j? £ EP such that ||z p || < k/4, 
one has 

(4.2) h+(z) > h+(z p ) +k\\z- Zp\\ for all z £ C n such that \\z - z p \\ < 2r 
and, similarly, 

(4.3) h~{z) < h p (z p ) — k \\z — z p \\ for all z £ C n such that \\z - z p \\ < 2r. 
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Indeed one can find r £ (0, 1/2) such that 

|ft(r) - ft(0) - ft'(0) r| < |r 

for all r < 2f. Then we get 

ftp (-?) = ft(||* - z p \\) +t p - 2(iZp,z- z p ) 

> h+(z p ) + 2k \\z - z p \\ - - || 2 - z p || - 2 1| 

> ft+ (z p ) + k \\z - z p \\ 

for all p £ HP such that \\z p \\ < k/4 and all z £ C™ such that ||z — z p || < 2r. Here 
the scalar product is that of M 2 " after identifying points in C™ with points in M. 2n . 
This gives ( |4.2| . The proof of ( |4.3[ ) is similar. 
We set po - [0,l/(27r)]. 

Claim 2. For all f > 0, there exists f > such that 
(4.4) if p £ B(p Q ,r) U B{p^ ) 1 ,f) and g G <9Ai \ B(p,l) then ||z,|| < f. 
To prove this claim, we set 

K = dAx fl {[z, t] £ H n ; ||z|| > r} C B(p , 1) n S^ 1 , 1) 
(recall that po, Po 1 G ^i arL d diam Ai = 1). Since 

dB( Po ,l)ndA 1 ^{Po 1 } and dBfa 1 ,l)ndA 1 = {p }, 
we actually have 

KdB(p 0l l)nB(p^,l) . 

By compactness of K and continuity of p <— > max q< =K d{p, q), one can then find 
r > such that if C B(p, l)nS(p', 1) for any p G B(p ,f) and p' G ^(pq 1 ,:?). This 
proves Claim 2. 



Fix r G (0, 1/tt) such that (|42]| an d (O} hold for all pel" satisfying ||z p || < 
k/4. Then choose f > such that (4.4) holds. Set r = min(r, 2r/iT, k/4). Let 
/ : C™ — > R be a Lipschitz function with compact support in {z G C"; ||z|| < r} 
and with Lipschitz constant Lip(/) < nr/A. 

We have ||/||oo < Lip(/) r < 7rr 2 /4 hence 

dA 1J \dA 1 C {[«,<] £i" ; ||*|| <r , 4 \t - -^| < Ttr 2 } 

U{M]£I" ; |M| <r, 4|<+i-| <7rr 2 } 

CB(p ,7rr/2)UB(po 1 ,7rr/2) 

C B(p ai f)yjB{pu\r) . 

Now we take p G 9^-1,/ \ 9A\ and g G dAij. Without loss of generality, we also 
assume that p £ B(p ,nr/2), the other case being analogous. Then 

P = i z p, ^ n +f( z p)} ■ 



If \\zq\\ >r>r then q £ dA 1 and by (4.4) we get d(p, q) < 1. If \\z q \\ < r < 1/tt 
then 

*g = ±2^ +/(*<?) ■ 

If to = — + f(Zg), since ||zJ| < f and |/(z g )| < 7rr 2 /4 < 7rr 2 /4, we have d(p ,q) < 
2ir 

irf/2. Therefore 



d(p,q) < |(r + F) < 1 
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If t 



a — — - — h f{z„) we note that \\z p \\ < /c/4 and ||z p — z q \\ < r + r < 2r. Then by 

Z7T 



(4.3) we get 



h p (z q ) < h p (z p ) - k \\z p - z q \\ 



~t~ tp ^|| Zp Zq | 

7T 



< -r^ + f( z p) - Lip(/) \\z p - zj 

+/(*«)=*« ■ 

Z7T 



Similarly, using (4.2) 



h+{z q ) > h+(z p ) +k\\z p - z q \\ > — + f(z q ) > t q 

Z7T 



Hence we have 



h p (z q ) <t q < h+(z q ). 



that is 9 £ B(p, 1). 

It follows that d(p, q) < 1 for all p £ <9^i,/ \ arL d q € dA\j. Recalling that 
diam(9Ai) = 1 and that diamAij = diam(cMij) this concludes the proof. 



□ 



We get from this proposition the following two consequences. 



Corollary 4.6. There exists E £ In such that p ■ E ^ A^mmE for all p £ H". 

In other words, although there is uniqueness modulo Steiner symmetrization with 
respect to the C"-plane for sets in 1-r with a given diameter, we have essential non 
uniqueness of sets in 



Proof. Consider a set A\ j given by Proposition 4.5 for some A > and where / ^ 
is moreover chosen in such a way that A\j £ 1Z. By Theorem |4.4[ we have A\ £ 

J we have £ 2n+1 (A x /) = C 2n+1 {A X ) and 



4.5 



On the other hand, by Proposition 
diam A\j = diam A\. Therefore A\j £ I-jz- 

Let us prove that p ■ A\ j ^ A\ for all p £ HP. First we note that if F £ 1Z and 
F is bounded then p ■ F £ 7Z if and only if z p = 0. Next it is straightforward from 
the analytic description of A\ and A\j that p ■ A\j ^ A\ for any p £ H ra such that 
Zp = 0. This concludes the proof. □ 



Another consequence of Theorem |4.4| and Proposition |4.5| is the existence of 
non-rotationally invariant isodiametric sets, even modulo left translations. 

Corollary 4.7. There exists Eel such that p ■ E g TZ for all p e HP . 

Proof. If 1 CiTZ = then there is nothing to prove. If 1 n TZ 7^ then 1-jz = 



1 fl TZ C 1- In particular it then follows from Theorem 4.4 that A \ £ 1 for any 



A > 0. Let A\j be given by Proposition 4.5 where / is moreover chosen in such 

" we have C 2n+1 {A XJ ) 



a way that A XJ TZ. By Proposition |4.5[ we have C 2n+1 (A XJ ) = C 2n+1 (A X ) and 
di&m.A\j = diam^A, and hence A\t £ 1. Next we check that p ■ A\t $ TZ for 
all p £ H". Assume by contradiction that p ■ A\j £ TZ for some p £ HP. Then we 
get in particular that pe{^{p • A\j)) = 7r(p • A\j) for all 9 £ BP where pe is the 
rotation in C™ defined by pe(z) = (e l6l zi, ■ ■ ■ , e l6 "z n ). On the other hand we have 
Tt(p- A X j) = z p + {z £ C" ; 2\\z\\ < A}. All together this implies that z p = 0. Then 
we get that A\j = p^ 1 ■ (p ■ A\j) is the vertical left translation by p^ 1 = [0, —t p ] 
of p ■ A\j £ TZ and hence belongs to TZ, a contradiction. □ 
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